We present studies on the propagation of plasmon waves in metallic multimode waveguides surrounded by a dielectric medium. The permittivity of the metal was determined by a Drude model. The propagation was simulated by the method of lines. The propagating field exhibited the well-known self-imaging phenomenon known as the Talbot effect. The metallic waveguides are lossy. The influence of various parameters on the losses was examined. By a suitable choice of parameters, propagation distances of several Talbot periods are possible. Our investigation also includes simulations for the propagation of eigenmodes of the waveguides and results for the calculation of the effective index.
Introduction
The field of plasmonics has emerged as a new area in which electronics and optics merge. A plasmon is an electromagnetic wave that propagates at optical frequencies along the surface of a nanoscale metallic wire [1] . Plasmonic waveguides offer the potential for miniaturization of all-optical circuits; probably better than optical high-index dielectric waveguides and similar to photonic crystal waveguides. As the main limitation of plasmonics one must consider the fact that, as a result of dissipation, only short transmission distances are possible, at least with current approaches. The hope is to use negative-index materials in the future so that long transmission distances become feasible. This would open the door to an integrated photonic-electronic circuitry. At the moment, a strong interest exists in modeling and simulation of plasmonic devices. The specific challenge in dealing with plasmonic propagation in comparison with more conventional optical waveguides lies in the fact that one has to deal with large index contrasts and that the material parameters (here the permittivity) can be complex with a large negative real part.
In the past, several plasmonic devices have been studied. In particular we would like to mention plasmonic sensors (see, e.g., [2, 3] ) and plasmonic lenses (see, e.g., [4, 5] ). Here we consider another phenomenon that is well known from diffraction optics, namely, the self-imaging effect. For plasmonic wave fields, self-imaging was the topic of an earlier investigation [6] . However, in that case, the considered structure was unbounded in the lateral direction. Here, we go beyond that case by analyzing wave propagation in a plasmonic multimode waveguide in which lateral bounding is essential. The fact that self-imaging can occur in multimode waveguide structures is known from conventional dielectric waveguides as we will explain later.
Here, our goal is threefold: first, we analyze the propagation of plasmonic multimode fields and study plasmonic self-imaging to understand the physical situation by comparing the results with the wellknown phenomenon from optics. Second, we adapt our simulation tools to this interesting situation. The challenge consists in the fact that here we must deal with large dielectric index contrasts and complex material parameters. As a tool for the simulation, we use the method of lines (MoL) [7, 8] , which is a semianalytical simulation procedure that is suitable to solve partial differential equations. In particular, the MoL has been applied to analyze waveguide structures at microwave and optical frequencies. In addition, we would like to mention that the MoL has also been used to solve the heat equation in laser structures [9] . Here we wish to see how well our simulation tool is suited to simulate such lossy structures or if improvements are required. Finally, the self-imaging effect in metallic multimode waveguides might have interesting applications in later integrated plasmonic devices. As a specific application of self-imaging in dielectric structures, so-called multimode interference devices [10] have been demonstrated as integrated beam splitters. Such beam splitters would be required to implement signal fanout in integrated plasmonic circuits.
In Section 2 we give a brief review of self-imaging in multimode waveguides and explain the principles of the MoL. Section 3 shows our examined structure. Section 4 contains the focus of our study, which is the simulation results. In particular, we examine the influence of various parameters on the losses and study the wave propagation in plasmonic waveguides. We conclude with a summary in Section 5.
Theory

A. Self-Imaging in Multimode Waveguides
Self-imaging means that a wave field repeats itself after a certain propagation distance. A special case of self-imaging is the Talbot effect [11] , which is well known from optical near-field diffraction. The Talbot effect occurs for paraxial, monochromatic wave fields with a lateral period p x . By suitable superposition of the modes the field repeats itself after a distance of z T ¼ 2p 2 x =λ, with λ being the wavelength, i.e., uðx; zÞ
where ϕ is a suitable phase factor that is identical for all modes. In free space, for example, it can be determined as k 0 z T . Here, and in what follows, we use x as a transverse coordinate and z as a longitudinal coordinate. For the principal explanations in this section we restrict ourselves to two-dimensional (2-D) structures. However, in later sections we will look at the three-dimensional (3-D) case. The Talbot effect can be observed in free space and in multimode waveguides. In the free-space optical case, the lateral periodicity is imposed on the wave field by a grating of period p x . The free-space optical Talbot effect has been widely analyzed and suggested for applications in interferometry [12] and for temporal filtering [13] . As mentioned before, the plasmonic analog was described in [6] .
Self-imaging in multimode waveguides was described as early as the 1970s [14, 15] and suggested for beam-splitting applications in the 1990s [10] . In a waveguide, a virtual lateral periodicity exists that is due to reflecting sidewalls. This virtual periodicity accounts for the discrete modal spectrum of the wave field. The periodicity is not exact since, for different modes, the lateral period is slightly different. This is caused by a different extension of the modal field into the area of the cladding for different modes (see Fig. 1 ). However, as shown in [16] , one can describe the virtual periodicity approximately by p x ≈ 2w.
The theory of self-imaging in multimode waveguides was described in detail in [10] . Therefore, here we restrict ourselves to a few remarks. The propagation constants of the guided modes in multimode waveguides have a (nearly) quadratic behavior with respect to the mode number. This can be seen in Fig. 1(b) where we show the normalized propagation constant (or effective index n eff ¼ k z =k 0 ) of the modes for the waveguide on the top. The self-imaging length for an arbitrary input field can be determined from the difference in propagation constants of the lowestorder modes [10] . Depending on the shape of the input field, one can also obtain images at fractions of the self-imaging distance.
B. Method of Lines
For numerical analysis of the metallic structures, we use the MoL [7, 8] . The MoL has been successfully applied to simulate waveguide devices in the optical and microwave domains. The interested reader is referred to two overview articles [17, 18] . The analysis of plasmonic devices by different numerical methods including the MoL was presented in [19] [20] [21] . Since we perform full 3-D calculations here, we also This waveguide was studied in [16] ; the Talbot distance was determined as z T ¼ 3600 μm. mention [22, 23] , because these papers showed how the numerical effort can be kept moderate when analyzing such 3-D structures. Here, we present just a brief summary of the MoL, which is a semianalytic technique that operates in the frequency domain. In our computations, we assume a time dependency according to expfjwtg.
To apply the MoL we start by dividing the circuit into sections in which the material parameters do not depend on the direction of the wave propagation (in our case the z direction). From Maxwell's equation we can then derive coupled partial differential equations for the transverse components of the electric or magnetic field (here we proceed with the magnetic field) in the following form [24] :
Operator Q H contains derivatives with respect to the transverse coordinates (i.e., x; y) and the material parameters ϵ r ðx; yÞ and μ r ðx; yÞ; see, e.g., [18] ). Further, the overlined coordinates are normalized with the free-space wavenumber k 0 (e.g., z ¼ k 0 z). Equation (2) is a coupled partial differential equation system. To solve it, we discretize the fields in the cross section and approximate the derivatives with respect to these coordinates with finite differences. After putting all the discretized fields into a supervector and combining the finite differences into a matrix, we obtain a system of ordinary differential equations (ODEs):
As known from mathematics, such ODEs can be solved with a transformation to the principal axes, i.e., determining the eigenvalues and eigenvectors ofQ H :Q
Now, by transforming the field according tô H ¼T HĤ ð5Þ
and replacingQ H with the expression given in Eq. (4), we obtain a system of decoupled differential equations whose solution can be easily given aŝ
The subscripts f and b mean forward and backward, respectively. Now, computing the eigenvalues and eigenvectors in Eq. (3) corresponds to a determination of the eigenmodes in the examined section. Each column of the eigenvector matrixT H represents the field distribution of these modes; the square roots of the eigenvalues represent the propagation constant.
For the propagation constant of the kth mode we can write
As previously (with the coordinates), the overbar indicates a normalization with k 0 . The denormalized values are obtained by multiplication with
Instead of Γ we often use the effective index to describe the propagation of the eigenmodes. Their relation is simply given by
As is known, the imaginary part of the effective index ( α) describes the losses. For guided modes in dielectric waveguides it is zero. Then β is just the effective index of the structure.
The values H f ;b in Eq. (6) are the complex amplitudes of the forward and backward propagating modes. Equation (5) shows how a particular field distribution of these eigenmodes is put together. Equation (6) is the general solution for the fields in a homogeneous section (homogeneous section with respect to the z coordinate). Often we have more complex devices that consist of more than one homogeneous section. In this case we must apply Eqs. (2)-(6) in each of them. Next we must assure the continuity of the transverse electric and magnetic field components. Therefore, besides the magnetic fields, we must also determine the transverse electric fields E. From Maxwell's equations the following relation can be derived [24] :
Similar toQ H the matrixR H contains finite difference approximations of derivatives with respect to x and y and the material parameters (for details see, e.g., [8] ). Since the solution in the z direction is given in an analytic form, we can easily determine the electric field from this equation aŝ
withT E ¼ jR HTH Γ −1 : As said before, the overlined magnetic fields represent the amplitudes of the eigenmodes. From Eq. (10) we see that the electric fields are obtained by multiplying these amplitudes with the corresponding electric field distribution (given byT E ). By enforcing the continuity of the transverse fields at the interfaces and assuming suitable boundary conditions, we are able to analyze complete complicated circuits. All relevant physical phenomena can be included in the algorithm. Obviously, reflections at interfaces are included, since we consider forward and backward propagating modes. To model radiation of the fields we introduce absorbing boundary conditions into the finite difference expressions [25] . Loss and gain of the materials are considered by complex numbers for the material parameters.
After these introductory remarks with regard to the MoL, we wish to emphasize one of the relevant aspects of this work. For the plasmonic devices considered here, the important question is whether our simulation method had to be further extended to handle the large contrast differences in material parameters and negative real values of the permittivity. As we show in the following, at least for the devices examined here, the MoL proved to be a completely adequate tool.
Model of the Examined Structure
To study the properties of the plasmon wave propagation we use the structure shown in Fig. 2(a) as the basis. It consists of a metal core and a surrounding dielectric material. In general, this material could, for example, differ above and below the metal. Here, we just examined the symmetric case. The permittivity of the metal was determined from a Drude model:
Note that, because of the time dependency according to expfjωtg, the imaginary part of ϵ m is less than zero in the case of lossy material, which is why there is a negative sign in front of γ in Eq. (11) . We would like to point out that slightly different values for the parameters can be found in the literature. Here we use the following parameters taken from [20] Fig. 2(b) . We see that the real part as well as the imaginary part is negative and that their absolute value increases with increasing wavelength. In the following simulations, several of the parameters in Fig. 2(a) will be varied to evaluate their influence on the waveguide losses.
A. Eigenmodes of Multimode Waveguides
As described in Subsection 2.A, more than two guided modes with different k vectors are required to obtain the self-imaging effect. Therefore, we start with a comparison of the eigenmodes in dielectric and metallic waveguides. The dielectric structure we use for comparison is similar to the metallic one shown in Fig. 2 . Instead of a metallic core with the permittivity ϵ m however, the core consists of a dielectric. Furthermore, height t is different.
As The magnetic field distributions of the significant eigenmodes are shown in Fig. 3 . Due to w ≫ t for the metal structure, the interesting polarization for plasmon waves is the one in which H x is the main component of the magnetic field, which is usually referred to as TM polarization. Therefore, we examine only the lowest-order TM modes in the case of dielectric waveguides.
For metallic waveguide, the fields represent two sets of modes. One set is symmetric around the y axis, the second set is antisymmetric. For the chosen height of t ¼ 0:1 μm, there is no obvious difference in terms of absolute value. However, as we will see later, the propagation constants are different.
Let us now compare the fields shown in Fig. 3 . As is well known, waveguiding in a dielectric waveguide is due to total internal reflection. Therefore the field is concentrated in the core as we see in the graphs at left in Fig. 3 . On the other hand, for a metallic waveguide, the propagating field represents a surface wave with the highest amplitude concentrated at the interface between the metal and the dielectric. Besides these differences, there are also some similarities, which become obvious by looking at the maximum field amplitudes; see Fig. 4 . For the dielectric waveguide, this occurs at the center of the waveguide; for the metallic waveguide, this occurs at the surface. Both amplitude distributions look similar. In particular, a multimodal field occurs in both cases (which is a necessary condition for self-imaging), 
Numerical Simulations
A. Losses in Metallic Waveguides
Attenuation is a particular problem of current plasmonic devices. To analyze this in detail, we examine various geometric parameters of the waveguide to determine an optimal configuration.
In Fig. 5 we examined the normalized propagation constant of the eigenmodes as a function of height t of the waveguide (the other parameters are the same as in Subection 3.A). Similar studies were already performed by other authors, see, e.g., [2, 26] . As can be seen, the even and the odd modes behave completely differently. Both α and β increase with decreasing height for the odd modes but decrease for the even modes. As shown in Fig. 5 , the three even and the three odd modes, respectively, are nearly identical. This behavior can be understood with a simplified 2-D model of the waveguide. For this purpose we examine a structure in which the metal layer extends to infinity in the horizontal direction (w → ∞ hence, ∂=∂x ¼ 0). For this situation, we can derive analytical expressions for the propagation constant (or for the effective index), which can be achieved by determining the eigenmodes. The procedure is described in basic textbooks. We end up with the following implicit expressions for the effective index:
Identical expressions, only in a slightly different form, were given in [27] . To examine them, we first consider thick layers. Then the fields on the two sides of the metal are decoupled. Mathematically, both hyperbolic functions (i.e., tanh and coth) approach the value of one in this case, and we can derive the well-known expression for plasmon waves of a bulk material:
From Eq. (14) it follows that the permittivities must fulfill the condition jℛðϵ m Þj > ϵ d (see also, e.g., [1] ). However, with regard to losses it is more interesting to examine the expressions in Eqs. (12) and (13) for small values of t. Here, significant differences occur between the even and the odd modes. For the even modes the tanh function on the left-hand side of Eq. (12) approaches zero for small values of t. Therefore, n 2 eff must approach ϵ d (i.e., the permittivity of the surrounding dielectric) on the right-hand side. If we assume that the dielectric has no (or only small) losses, the waveguide structure has low losses as well.
The situation is different for the odd mode whose effective index is determined by using Eq. (13) . For a qualitative assessment, one can use a Laurent series expansion of the coth expression on the left-hand side of Eq. (13) . Without going too much into the mathematical details, we mention that both the real part of n ef f as well as its imaginary part (which represents the losses) approach infinity. Hence, although the losses of the even modes decrease with decreasing t, the losses of the odd mode increase at the same time. In Fig. 6 we present n ef f in the complex plane. For large values of t (t → ∞) the even and odd modes start at the value given by Eq. (14) . When t decreases, the curves continue in opposite directions. As stated above, the effective index of the even mode approaches ffiffiffiffiffi ϵ d p of the surrounding medium, whereas the real and imaginary parts of n eff approach infinity for the odd modes.
As has been shown in Fig. 5 , such behavior occurs not only in 2-D but also in 3-D structures, i.e., with finite width w. To design devices with low losses, the results suggest the use of structures with a small height of the metal. However, as we also see in Fig. 5 , β=k 0 approaches the value of the refractive index of the surrounding dielectric material (which is 2 in our case). This has the consequence that the field reaches far into the surrounding medium, which necessitates the search for a compromise.
In Fig. 7 we see the effective index of the first odd plasmon mode as a function of the wavelength with the value of the surrounding permittivity as the parameter. (The curves for the even modes appear to be similar so are not shown here.) From Fig. 7 one can tell that the real and imaginary parts (and therefore the losses) of n eff decrease with increasing wavelength. From the Drude model [ Fig. 2(b) ] we know that the losses in metal increase with the wavelength λ. These two results appear counterintuitive. However, it can be explained by the fact that the losses are not due only to dissipation in the metal. Rather, as can be seen from the following analysis, the absolute value of the permittivity is even more important to explain this behavior (see also [26] ). This can be understood by examining the propagation constant for bulk metal in Eq. (14) . For large wavelengths, not only the imaginary part of ϵ m but also its real part and therefore the absolute value increase. Hence, for large wavelengths, ϵ d can be neglected in the denominator of Eq. (14) . Therefore, the expression simplifies to n eff ¼ ffiffiffiffiffi ϵ d p : Since the surrounding dielectric material is assumed to be lossless, the structure is also lossless for large values of the jϵ m j. This is the same reasoning we used before when we decreased height t of the waveguide. For a more quantitative prediction we take into account that, to have plasmonic waves, the condition jϵ d j < jϵ m j must be fulfilled. This permits us to approximate n eff in Eq. (14) with a Taylor series:
We now write the permittivity of the metal in the form ϵ m ¼ −jϵ re j − jjϵ im j. After a few algebraic steps we find that we can write the following for n eff :
To estimate the losses we examine the imaginary part of Eq. (16) . The absolute value of the permittivity of the metal is squared in the denominator, whereas the numerator contains jϵ im j only linearly. Hence the complete term becomes small for large values of jϵ m j and increases for small values in agreement with the results we found. We can also see that the losses increase when the permittivity of the surrounding dielectric media increases, which is in agreement with the results found in Fig. 7 . As we discovered when we examined the influence of height t on the losses, the real part of the effective index approaches the refractive index of the surrounding material (leading to field distributions that reach far into the dielectric) for configurations with low losses.
B. Simulation of Self-Imaging
To prepare for the simulations presented in this subsection we introduce the self-imaging distance L si .
We would like to point out the difference between the Talbot distance z T as used in Eq. (1) and the self-imaging distance L si . To understand the differences one must know that self-imaging can also occur at fractional distances of z T . Particularly for symmetric excitation of the waveguide, self-imaging can occur at distances much less than z T . The shortest distance at which self-imaging is observed is called L si . According to the theory given in [10] , L si for symmetrical excitation can be calculated as
Here Δ β is the difference in normalized propagation constants of the two lowest-order modes. We now present results for the wave propagation in the metallic structure shown in Fig. 2(a) . First we used the following parameters: λ 0 ¼ 0:6 μm, w ¼ 2 μm, t ¼ 0:1 μm, and ϵ d ¼ 4. The value ϵ m ¼ −14:7897 − j0:4088 was taken from the Drude model in Eq. (11). The numerical studies were performed with the discretization distances h x ¼ 0:1 μm and h y ¼ 0:01 μm in the cross section. Figure 8 shows the field distribution of the H x component at the interface between the dielectric and the silver layers. First we neglected the losses of the silver (i.e., the imaginary part of ϵ m was chosen to be zero). One can clearly see a repetition of the input field at the self-imaging distance of L si ≈ 15:8 μm. Next, the calculations were performed by taking Iðϵ m Þ into account. The result is shown in Fig. 9 . Obviously, losses are quite significant so that the field amplitude drops to low values before the first selfimaging plane.
As described in Section 4.A, the losses in the waveguide decrease with increasing wavelength. For this reason we analyzed the same structure but now at a wavelength of 0:9 μm; see Fig. 10 . As expected, the decay of the field is more moderate and the selfimaging is more pronounced. Here it is important to note that the self-imaging distance is shorter than in the previous case. Although the wavelength occurs in the numerator of Eq. (17), the self-imaging distance decreases with λ 0 because Δ β in the denominator is essentially proportional to λ 2 0 . For λ 0 ¼ 0:9 μm we find L si ≈ 9:1 μm.
From these considerations it becomes obvious that operating at larger wavelengths is recommended because of the lower attenuation of the field, at least with current devices. Figures 8 and 9 show field distributions for even modes and Fig. 10 for odd modes. The results for the respective other cases (odd fields for Figs. 8 and 9, even fields for Fig. 10 ) are not displayed because the even and the odd fields look similar in both cases. This is due to the large thickness of the metal layer, which, in agreement with the previous analysis, leads to the degeneracy of even and odd modes (see Fig. 5 ). For comparison we examine a situation in which one can expect a significant difference between even and odd modes. For our example we chose t ¼ 0:06 μm (see Fig. 5 ). The determined field distributions are shown in Fig. 11 , which clearly indicates the difference. To quantify these results we compare the values for the losses from Fig. 5 with those determined from the simulations of the wave propagation. For the simulations the values for losses were derived from the maxima at z ¼ 0 and z ¼ L si . For t ¼ 0:06 μm we calculated losses of 0.95 (odd case) and 0.71 (even case). These values were determined from the field distributions according to
We can compare these values with the loss factor of the eigenmodes shown in Fig. 5 , from which we obtained 0.93 (odd case) and 0.69 (even case). Here we used
Obviously, the numerical results are in good agreement. However, we must bear in mind that, in the first case [Eq. (18) ], the complete field is determined by the superposition of the different modes that might not be exactly in phase. For this reason inequality loss 1 ≥ loss 2 holds. Finally, we take a look at the self-imaging distances L si . For this purpose we compare the values obtained with Eq. (17) with those of the simulation, i.e., visual inspection of Figs. 8-11 . In the latter case we looked for the maxima of the fields in the center of the waveguides. The results compiled in Table 1 show good agreement. Since the structure is lossy, the maximum field value depends on the interference of the modes and on their losses. Therefore, there are slight differences in the results obtained with Eq. (17) . As one might expect, the best agreement is found between the MoL values and the ones from Eq. (17) when losses are neglected (t ¼ 0:1 μm, λ ¼ 0:6 μm). As one might also expect, L si is different for the even and odd fields for t ¼ 0:06 μm (λ ¼ 0:6 μm). For the odd modes the field decreases to zero before self-imaging can occur, therefore we did not assign a MoL value in Table 1 for this case.
Summary
We have examined the propagation of plasmonic waves in metallic waveguides. In particular, we considered self-imaging in plasmonic multimode waveguides. The analysis of an effect well known from classical optics and also from conventional dielectric waveguides lends itself to gain insight by drawing comparisons. We began our analysis with a study of the eigenmodes and examined the influence of the geometric waveguide parameters. This was done mainly with the purpose of investigating the attenuation properties of metallic waveguides. We found that losses can be reduced by decreasing the thickness of the waveguide, which in turn leads to an increased expansion of the field into the surrounding medium. Therefore, one observes the existence of a trade-off between loss and dimensional parameters. Furthermore, dependency exists between attenuation and wavelength: for longer wavelengths, attenuation is lower and the devices become more practical. Losses in plasmonic waveguides represent a general problem that needs to be solved before practical applications can be considered.
For now we can conclude from our study that the method of lines is capable of handling the material characteristics of metal structures to simulate plasmon wave propagation. The results obtained in the simulations are in good agreement with analytical predictions. In future work, we wish to develop configurations in which the losses are reduced, which might be achieved by structuring the metallic waveguides in a suitable manner. The use of exact simulation techniques can yield valuable results and insights for the experimental realization of such structured plasmonic waveguides. This can be combined with considerations of coupling electromagnetic fields to metallic waveguides. 
